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Abstract
We review the details of unconstrained Lagrangian formulations for Bose particles
propagated on an arbitrary dimensional flat space-time and described by the uni-
tary irreducible integer higher-spin representations of the Poincare group subject to
Young tableaux Y (s1, ..., sk) with k rows. The procedure is based on the construc-
tion of Verma modules and finding auxiliary oscillator realizations for the symplectic
sp(2k) algebra which encodes the second-class operator constraints subsystem in the
HS symmetry algebra. Application of an universal BRST approach reproduces gauge-
invariant Lagrangians with reducible gauge symmetries describing the free dynamics
of both massless and massive bosonic fields of any spin with appropriate number of
auxiliary fields.
1 Introduction
Growth of the interest to higher-spin (HS) field theory is mainly stipulated by the hopes
to reconsider the problems of an unique description of variety of elementary particles and
all known interactions especially due to expected output of LHC on the planned capacity.
Remind, that it suspects both the proof of supersymmetry display, the answer on the question
on existence of Higgs boson, and probably a new insight on origin of Dark Matter ([1]).
Because of HS field theory is closely related to superstring theory, which operates with an
infinite tower of bosonic and fermionic HS fields it can be treated as an approach to study
a structure of superstring theory from field-theoretic viewpoint. Some of the aspects of
current state of HS field theory are discussed in the reviews [2]. The paper considers the
last results of constructing Lagrangian formulations (LFs) for free integer HS fields on flat
R1,d−1-space-time subject to arbitrary Young tableaux Y (s1, ..., sk) in Fronsdal metric-like
formalism within BFV-BRST approach [3], and based on the results presented in [4] (see
Ref.[4], for detailed bibliography on various aspects).
It is known that for d > 4 space-time dimensions, there appear, besides totally symmet-
ric irreducible representations of Poincare or (Anti)-de-Sitter ((A)dS) algebras the mixed-
symmetry representations determined by more than one spin-like parameters [5], [6]. Whereas
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for the former ones the LFs both for massless and massive free higher-spin fields is well enough
developed [7], [8], [9], [10], [11] for the latter the problem of their field-theoretic description
is not completely solved. So, the main result within the problem of unconstrained LF for ar-
bitrary massless mixed-symmetry HS fields on a Minkowski space-time was obtained in [12]
with use of unfolded form of equations of motion for the field in ”frame-like” formulation. In
the ”metric-like” formulation corresponding Lagrangians were derived in closed manner for
only reducible Poincare group ISO(1, d− 1) representations in [13]. In turn, the Labastida-
like [5] constrained LF with off-shell traceless and mixed-symmetry holonomic constraints
for arbitrary mixed-symmetric higher spin fields were recently studied in [14] and on a ba-
sis of detour complexes from the BRST quantization of worldline diffeomorphism invariant
systems in [15].
The paper is devoted to the construction of unconstrained general gauge-invariant La-
grangians for both massless and massive mixed-symmetry tensor fields of rank s1+s2+...+sk,
with any integer numbers s1 ≥ s2 ≥ ... ≥ sk ≥ 1 for k ≤ [d/2] in a R1,d−1 space, the fields
being elements of Poincare-group irreps with a Young tableaux (YT) having k rows. Our
approach is based on the BFV–BRST construction [3] which in application to free HS field
theory consists of three steps: transforming of conditions that determine the representations
with a given spin into a topological gauge system of mixed-class operator constraints in an
auxiliary Fock space. Then, the subsystem of the second-class constraints, is converted, with
a preservation of the initial algebraic structure, into a system of first-class constraints alone
in an enlarged Fock space with respect to which one constructs the BRST charge. Finally,
the Lagrangian for a HS field is constructed in terms of the BRST charge in such a way
that, first, the corresponding equations of motion reproduce the initial constraints, second,
the LF contain all appropriate auxiliary and Stuckelberg fields. The BRST approach to LF
of HS field theories has been developed for arbitrary massless and massive bosonic fields in
Minkowski and AdS spaces in [16]–[20].
2 Integer HS Symmetry Algebra for Bosonic fields
A massless integer spin irreducible representation of Poincare group in R1,d−1 is described by
a tensor field Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk≡Φµ11...µ1s1 ,µ21...µ2s2 ,..., µk1 ...µksk (x) of rank
∑k
i≥1 si and generalized
spin s = (s1, s2, ..., sk), (s1 ≥ s2 ≥ ... ≥ sk > 0, k ≤ [d/2]) subject to a YT with k rows of
respective length s1, s2, ..., sk
Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk←→
µ11 µ
1
2 · · · · · · · µ1s1
µ21 µ
2
2 · · · · · µ2s2
· · ·
µk1 µ
k
2 · · · · µksk
, (1)
This field is symmetric with respect to the permutations of each type of Lorentz indices
µi, (for the signature ηµν = diag(+,−, ...,−), µ, ν = 0, 1, ..., d − 1) and obeys to the
Klein-Gordon, divergentless (2), traceless (3) and mixed-symmetry equations (4) [for i, j =
1, ..., k; li,mi = 1, ..., si]:
∂µ∂µΦ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = 0, ∂
µiliΦ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = 0, (2)
ηµ
i
li
µimiΦ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = η
µili
µjmjΦ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = 0, li < mi, (3)
2
[ ↓,→] ti1j1 t+i1j1 l0 li li+ li1j1 li1j1+ gi0
ti2j2 Ai2j2,i1j1 Bi2j2 i1j1 0 l
j2δi2i −li2+δj2i l{j1j2δi1}i2 −li2{i1+δj1}j2 F i2j2,i
t+i2j2 −Bi1j1 i2j2 A+i1j1,i2j2 0 li2δij2 −l+j2δii2 li2{j1δ
i1}
j2
−lj2{j1+δi1}i2 −Fi2j2 i+
l0 0 0 0 0 0 0 0 0
lj −lj1δi1j −li1δjj1 0 0 l0δji 0 − 12 l{i1+δj1}j ljδij
lj+ li1+δj1j l+j1δ
j
i1
0 −l0δji 0 12 l{i1δj1}j 0 −lj+δij
li2j2 −lj1{j2δi2}i1 −li1{i2+δj2}j1 0 0 − 12 l{i2δj2}i 0 Li2j2,i1j1 li{i2δj2}i
li2j2+ li1{i2+δj2}j1 lj1
{j2+δi2}i1 0
1
2 l
{i2+δij2} 0 −Li1j1,i2j2 0 −li{i2+δj2}i
gj0 −F i1j1,j Fi1j1 j+ 0 −liδij li+δij −lj{i1δj1}j lj{i1+δj1}j 0
Table 1: HS symmetry algebra A(Y (k),R1,d−1).
Φ
(µ1)s1 ,...,{(µi)si , ..., µ
j
1...︸ ︷︷ ︸µjlj }...µjsj ,...(µk)sk = 0, i < j, 1 ≤ lj ≤ sj, (4)
where the bracket below denote that the indices in it do not include in symmetrization, i.e.
the symmetrization concerns only indices (µi)si , µ
j
lj
in {(µi)si , ..., µj1...︸ ︷︷ ︸µjlj}.
Simultaneous description of all ISO(1, d− 1) group irreps maybe reformulated in a stan-
dard manner with an auxiliary Fock space H, generated by k pairs of bosonic creation aiµi(x)
and annihilation aj+
νj
(x) operators, i, j = 1, ..., k, µi, νj = 0, 1..., d − 1: [aiµi , aj+νj ] = −ηµiνjδij
and a set of constraints for an arbitrary string-like (so called basic) vector |Φ〉 ∈ H,
|Φ〉 =
∞∑
s1=0
s1∑
s2=0
· · ·
sk−1∑
sk=0
Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk (x)
k∏
i=1
si∏
li=1
a
+µili
i |0〉, (5)(
l0, l
i, lij, ti1j1
)|Φ〉 = (∂µ∂µ,−iaiµ∂µ, 12aiµajµ, ai1+µ aj1µ)|Φ〉 = 0, i ≤ j; i1 < j1. (6)
The set of (k(k + 1) + 1) primary constraints (6), {oα} =
{
l0, l
i, lij, ti1j1
}
, are equivalent to
Eqs. (2)–(4) for all spins. In turn, additional condition, gi0|Φ〉 = (si + d2)|Φ〉 for number
particles operators, gi0 = −ai+µ aµi + d2 , makes (6) to be equivalent to Eqs. (2)–(4) for given
spin s = (s1, s2, ..., sk).
The procedure of LF implies the Hermiticity of BFV-BRST operator Q, Q = Cαoα + . . .,
that means the extension of the set {oα} up to one of {oI} = {oα, o+α ; gi0}, which is closed with
respect to hermitian conjugation related to standard scalar product on H and commutator
multiplication [ , ]. Operators oI satisfy to the Lie-algebra commutation relations, [oI , oJ ] =
fKIJoK , for structure constants f
K
IJ = −fKJI , to be determined from the multiplication table 1.
The products Bi2j2i1j1 , A
i2j2,i1j1 , F i1j1,i, Li2j2,i1j1 in the table 1 are given by the relations,
Bi2j2 i1j1 = (g
i2
0 − gj20 )δi2i1δj2j1 + (tj1j2θj2j1 + tj2+j1θj1j2)δi2i1 − (t+i1 i2θi2 i1 + ti2 i1θi1 i2)δj2j1 , (7)
Ai2j2,i1j1 = ti1j2δi2j1 − ti2j1δi1j2 , F i2j2,i = ti2j2(δj2i − δi2i), (8)
Li2j2,i1j1 = 1
4
{
δi2i1δj2j1
[
2gi20 δ
i2j2 +gi20 +g
j2
0
]
−
(
δj2{i1
[
tj1}i2θi2j1}+ti2j1}+θj1}i2
]
+(j2 ↔ i2)
)}
, (9)
with Heaviside θ-symbol θij. From the Hamiltonian analysis of the dynamical systems the
operators {oI} contain respective 2k2 second-class {oa} = {lij, ti1j1 , l+ij , t+i1j1}, (2k + 1) first-
class {l0, li, l+j } constraints subsystems and k elements gi0 which forms the non-vanishing in
H matrix ∆ab(gi0) in [oa, ob] ∼ ∆ab for topological gauge system.
3
We called in [4] the algebra of the operators OI as integer higher-spin symmetry algebra
in Minkowski space with a Young tableaux having k rows and denoted it as A(Y (k),R1,d−1).
The subsystem of the second-class constraints {oa} together with {gi0} forms the subal-
gebra in A(Y (k),R1,d−1) which is isomorphic to the symplectic sp(2k) algebra in turn to be
Howe dual [21] to the Lorentz algebra so(1, d − 1) (see details in [4] and in [14] as well).
Note, the elements gi0, form a basis in the Cartan subalgebra whereas l
ij, ti
j are the basis of
low-triangular subalgebra in sp(2k).
Having constructed the HS symmetry algebra, we can not still construct BRST operator
Q with respect to the elements oI from A(Y (k),R1,d−1) due to second-class constraints {oa}
presence in it. One should to convert symplectic algebra sp(2k) of {oa, gi0} into enlarged set
of operators OI with only first-class constraints.
3 Verma module and Oscillator realization for sp(2k)
We consider an additive conversion procedure developed within BRST approach, (see e.g.
[17]), which implies the enlarging of oI to OI = oI + o
′
I , with additional parts o
′
I to be given
on a new Fock space H′ being independent on H′. In this case the elements OI are given on
H⊗H′ so that the requirement for OI to be in involution, i.e. [OI , OJ ] ∼ OK , leads to the
series of the same algebraic relations, for OI and o
′
I as those for oI .
Leaving aside the details of Verma module (special representation space [22]) construction
for the symplectic algebra sp(2k) of new operators o′I considered in [4], we present here theirs
explicit oscillator form in terms of new 2k2 creation and annihilation operators (Bc;B+d ) =
(b+ij, d
+
rs; bij, drs), i, j, r, s = 1, . . . , k; i ≤ j; r < s as follows,
g′i0 =
∑
l≤m
b+lmblm(δ
il + δim) +
∑
r<s
d+rsdrs(δ
is − δir) + hi , (10)
l′+ij = b
+
ij t
′+
lm = d
+
lm −
l−1∑
n=1
dnld
+
nm −
k∑
n=1
(1 + δnl)b
+
nmbln , (11)
t′lm = −
l−1∑
n=1
d+nldnm +
m−l−1∑
p=0
m−1∑
k1=l+1
. . .
m−1∑
kp=l+p
Ckpm(d+, d)
p∏
j=1
dkj−1kj (12)
−
k∑
n=1
(1 + δnm)b
+
nlbnm , k0 ≡ l, where
C lm(d+, d) ≡
(
hl − hm −
k∑
n=m
(
d+lndln + d
+
mndmn
)
+
m−1∑
n=l+1
d+nmdnm − d+lmdlm
)
dlm (13)
−
m−1∑
n=l+1
d+lndnm +
k∑
n=m+1
{
d+mn −
m−1∑
n′=1
d+n′ndn′m
}
dln, for l < m.
Note, first, that Bc, B
+
d satisfy to the standard (only nonvanishing) commutation relations,
[Bc, B
+
d ] = δcd, second, the arbitrary parameters h
i in (10) serve to reproduce correct LF
fo HS field with given spin s, whereas the form of the rest elements l′ij, for i ≤ j, to be
expressed by means of C lm(d+, d) may be found in [4]. At last, the operators l′+ij , t
′+
lm are not
Hermitian conjugated respectively l′ij, t
′
lm in H′ with respect to standard scalar product as
4
in H. To restore that property we introduce new scalar product,
〈Φ1|K ′E−′α|Φ2〉 = 〈Φ2|K ′E ′α|Φ1〉∗, 〈Φ1|K ′g′i0 |Φ2〉 = 〈Φ2|K ′g′i0 |Φ1〉∗, (14)
for (E ′α;E−′α) = (l′ij, t
′
lm; l
′+
ij , t
′+
lm) with the operator K
′, relating standard scalar products in
Verma module and in H′ [4]1.
4 BRST-BFV operator and Lagrangian formulations
Because of the algebra of OI under consideration is a Lie algebra A(Y (k),R1,d−1) the BFV-
BRST operator Q′ can be constructed in the standard way by the formula,
Q′ = OICI + 1
2
CICJfKJIPK (15)
with the constants fKJI from the table 1, for the constraints OI = (L0, L
+
i , Li, Lij, L
+
ij, Tij, T
+
ij ,
Gi0), fermionic ghost fields and conjugated to them momenta (C
I ,PI) =
(
(η0,P0); (ηi,P+i );
(η+i ,Pj); (ηij,P+ij); (η+ij ,P ij); (ϑrs, λ+rs); (ϑ+rs, λrs); (ηiG,PG)
)
with the properties
ηij = ηji, ϑrs = ϑrsθ
sr, {ϑrs, λ+tu} = δrtδsu, {Pj, η+i } = δij, {ηlm,P+ij} = δliδjm (16)
and non-vanishing anticommutators {η0,P0} = ı, {ηiG,PjG} = ıδij for zero-mode ghosts2.
The property of the BRST operator to be Hermitian is defined by the rule with respect to
the scalar product 〈 | 〉 in Htot = H⊗H′ ⊗Hgh,
Q′+K = KQ′ , for K = 1ˆ⊗K ′ ⊗ 1ˆgh. (17)
To construct LF for bosonic HS fields in a R1,d−1 Minkowski space we partially follow the
algorithm of [17], [19], which is a particular case of our construction, corresponding to
s3 = 0. First, we extract the dependence of Q
′ (15) on the ghosts ηiG,P iG, to obtain the
BRST operator Q only for the system of converted first-class constraints {OI} \ {Gi0} and
generalized spin operator σi:
Q′ = Q+ ηiG(σ
i + hi) +AiP iG, where (18)
Q = 1
2
η0L0 + η
+
i L
i +
∑
l≤m
η+lmL
lm +
∑
l<m
ϑ+lmT
lm + ı
2
∑
l η
+
l η
lP0 −
∑
l<n<m
ϑ+lmϑ
l
nλ
nm
+
∑
n<l<m
ϑ+lmϑn
mλ+nl −
∑
i<l<j
(ϑ+ljϑ
+
i
l − ϑ+ilϑ+lj)λij −
∑
n,l<m
(1 + δln)ϑ
+
lmη
l+
nPmn
+
∑
n,l<m
(1 + δmn)ϑ
+
lmη
m
nP+ln + 12
∑
l<m,n≤m
η+nmη
n
lλ
lm − [1
2
∑
l≤m
(1 + δlm)η
mη+lm
+
∑
l<m
ϑlmη
+m +
∑
m<l
ϑ+mlη
+m
]P l + h.c. and (19)
σi = Gi0 − hi − ηiP+i + η+i Pi +
∑
m
(1 + δim)(η
+
imP im − ηimP+im)
+
∑
l<i
[ϑ+liλ
li − ϑliλ+li ]−
∑
i<l
[ϑ+ilλ
il − ϑilλ+il ] , (20)
1The case of the massive bosonic HS fields whose system of second-class constraints contains additionally
to elements of sp(2k) algebra the constraints of isometry subalgebra of Minkowski space li, l+i , l0 may be
treated via procedure of dimensional reduction of the algebra A(Y (k),R1,d) for massless HS fields to one
A(Y (k),R1,d−1) for massive HS fields, (see [4]). Now, the wave equation in (2) is changed on Klein-Gordon
equation corresponding to the constraint l0 (l0 = ∂
µ∂µ +m
2) acting on the same basic vector |Φ〉 (5).
2The ghosts possess the standard ghost number distribution, gh(CI) = −gh(PI) = 1 =⇒ gh(Q′) = 1.
5
with some inessential for LF operatorial quantities Ai. Then, we choose a representation of
Htot as, (ηi, ηij, ϑrs,P0,Pi,Pij, λrs,P iG)|0〉 = 0 and suppose that the field vectors |χ〉 as well
as the gauge parameters |Λ〉 do not depend on ghosts ηiG
|χ〉 =
∑
n
k∏
i≤j,r<s
(b+ij)
nij(d+rs)
prs(η+0 )
nf0
∏
i,j,l≤m,n≤o
(η+i )
nfi(P+j )npj(η+lm)nflm(P+no)npno
×
∏
r<s,t<u
(ϑ+rs)
nfrs(λ+tu)
nλtu |Φ(a+i )nf0(n)fi(n)pj(n)flm(n)pno(n)frs(n)λtu(n)l(n)ij(p)rs 〉3 . (21)
We denote by |χk〉 the state (21) satisfying to gh(|χk〉) = −k. Thus, the physical state
having the ghost number zero is |χ0〉, the gauge parameters |Λ〉 having the ghost num-
ber −1 is |χ1〉 and so on. The vector |χ0〉 must contain physical string-like vector |Φ〉 =
|Φ(a+i )(0)fo(0)fi(0)pj(0)flm(0)pno(0)frs(0)λtu(0)ij(0)rs 〉:
|χ0〉 = |Φ〉+ |ΦA〉, where |ΦA〉∣∣[B+a =CI=PI=0] = 0 (22)
Independence of the vectors (21) on ηiG transforms the equation for the physical state
Q′|χ0〉 = 0 and the BRST complex of the reducible gauge transformations, δ|χ〉 = Q′|χ1〉,
δ|χ1〉 = Q′|χ2〉, . . ., δ|χ(r−1)〉 = Q′|χ(r)〉, to the relations:
1) Q|χ0〉 = 0, 2) δ|χ0〉 = Q|χ1〉, . . . r) δ|χr−1〉 = Q|χ(r)〉, (23)
1) (σi + hi)|χ0〉 = 0, 2) (σi + hi)|χ1〉 = 0, . . . r) (σi + hi)|χr〉 = 0, (24)
Where r − 1 = k(k + 1) − 1 is the stage of reducibility both for massless and for the
massive bosonic HS field. Resolving the spectral problem from the Eqs.(24) we determine
the eigenvectors of the operators σi: |χ0〉(n)k , |χ1〉(n)k , . . ., |χs〉(n)k , n1 ≥ n2 ≥ . . . nk ≥ 0 and
corresponding eigenvalues of the parameters hi (for massless HS fields),
− hi = ni + d−2−4i2 , i = 1, .., k , n1, ..., nk−1 ∈ Z, nk ∈ N0 , (25)
Let us fix some values of ni = si. Then one should substitute h
i corresponding to the chosen
si (25) into K (17), Q (19) and relations (23), (24). Thus, e.g., the equation of motion in
(23) corresponding to the field with given spin (s1, ..., sk) has the form, Q(n)k |χ0〉(n)k = 0,
with nilpotent Q(n)k and the same for the gauge transformations in (23).
Following to bosonic one- [16], [18] and two-row cases , [17], [19] one can show that last
equation may be derived from the Lagrangian action for fixed spin (n)k = (s)k,
S(s)k =
∫
dη0 (s)k〈χ0|K(s)kQ(s)k |χ0〉(s)k ,
(
=⇒ δS(s)k
δ(s)k〈χ0|
= Q(s)k |χ0〉(s)k = 0
)
, (26)
where the standard scalar product for the creation and annihilation operators in Htot is
assumed.
Concluding, one can prove the Lagrangian action (26) indeed reproduces the basic con-
ditions (2)–(4) for massless (massive) HS fields. General action (26) gives, in principle, a
straight recept to obtain the Lagrangian for any component field from general vector |χ0〉(s)k .
3The brackets (n)fi, (n)pj , (n)ij in (21) means, e.g., for (n)ij the set of indices (n11, ..., n1k, ..., nk1, ..., nkk).
The sum above is taken over nl, nij , prs and running from 0 to infinity, and over the rest n’s from 0 to 1.
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